In this paper we give for any r, n, 0 r n, a Quillen's model structure to the category of simplicial groups where the weak equivalences are those morphisms f $ such that π q ( f $ ) is an isomorphism for r q n. This is carried out by studying the cases r l 0 and n 4 _ previously and, in each one of them, we make explicit some constructions for the associated homotopy theories, such as the cylinder and path objects and the loop and suspension functors, and we also relate the simplicial homotopy relation to the homotopy relation obtained from these structures.
Introduction
A weak equivalence of simplicial groups is a morphism f $ which induces isomorphisms π q ( f $ ) on the homotopy groups for q 0. Moreover, as is well known, the homotopy category of the category of simplicial groups (i.e. the localization with respect to the weak equivalences) is equivalent to the standard homotopy category of the reduced (i.e. one vertex) Kan simplicial sets and this is also equivalent to that of the connected CW-complexes. Thus, one usually says that simplicial groups model all connected homotopy types.
This fact can be seen from a more general perspective. The category Simp(Gp) of simplicial groups is a remarkable example of what a closed model category is in Quillen's sense [12] and the homotopy theory in Simp(Gp) developed by Kan [9] occurs as the homotopy theory associated to this closed model structure. According to the terminology used by Quillen, we have that the homotopy theory in Simp(Gp) is equivalent to the homotopy theory in the category of reduced simplicial sets and this last is equivalent to the homotopy theory in the category of pointed connected topological spaces. Now, if one thinks of categories of pointed r-connected spaces (X, M), r 0, (i.e. with homotopy groups π q (X, M) l 0, q r) or of categories of n-coconnected spaces (i.e. with π q (X, M) l 0, q nj1) one is first persuaded to consider weaker notions of weak equivalence in Simp(Gp) and then to develop a corresponding homotopy theory. This is done here by showing that there are corresponding model structures (i.e. adequate classes of fibrations and cofibrations) associated to these weaker definitions of weak equivalence and then studying the associated homotopy theories.
The general case is studied in Section 4 when we consider, for any r, n with 0 r n, the concept of weak (r, n)-equivalence as a morphism f
is an isomorphism for r q n. In this case the model structure (and so the homotopy theory) is defined by combining two particular (and complementary for n l rk1) cases : the case r l 0 and the case n 4 _. Both processes together give the classical model structure (homotopy theory) in Simp(Gp).
In Section 3 we develop the first case, i.e. we consider weak equivalences for any n 0, called weak n-equivalences, as those morphisms f $ such that π q ( f $ ) is an isomorphism for 0 q n. With definitions of n-fibration and n-cofibration we have a closed model structure (the n-structure) in the category Simp(Gp). Note that this process has been considered recently in other contexts ( [8] , [5] ). The homotopy theory in the category of the n-coconnected spaces (i.e. with π q l 0 for q nj1) can be realized as the homotopy theory associated to this n-structure and the last one is equivalent to that theory in the closed model category of the simplicial groups with trivial Moore complex in dimensions n, studied in [1] . Cylinder and path objects for the n-structure are given and the homotopy relation derived from them is obtained by truncating the simplicial homotopy relation. We also study the loop and suspension functors for this structure.
In Section 2 we consider weak equivalences for any r 0, called weak r`-equivalences, as those morphisms f $ such that π q ( f $ ) is an isomorphism for q r. This kind of weak equivalence has also been considered in [6] . With suitable definitions of r`-fibration and r`-cofibration (the r`-structure) we have that Simp(Gp) is a closed model category and we show that the associated homotopy theory is equivalent to that theory associated to the closed model category of the r-reduced simplicial groups studied by Quillen in [13] . Thus, the homotopy theory associated to the r`-structure will also be equivalent to the homotopy theory of the r-connected CWcomplexes. At the end of this section, we make explicit some constructions in the homotopy theory associated to the r`-structure as the cylinder and path objects and the loop and suspension functors.
In the first section we start recalling some well-known constructions in the category of simplicial groups and we study when a morphism f $ is a Kan fibration in a fixed dimension, and when the induced morphism π q ( f $ ) is injective or surjective. Moreover, we give some constructions in the homotopy theory of Simp(Gp) and, at the end of this section, we recall two closed model categories (which are dual in some sense) whose homotopy categories (theories) are closely related to that of Simp(Gp).
In this paper we use additive notation for groups.
Preliminaries and some results for simplicial groups
From now on, Simp(Gp) will denote the category of simplicial groups and if G $ is a simplicial group, NJ(G $ ) and πJ(G $ ) will denote the normalized complex and homotopy groups of G $ in the sense of Moore. We will use square brackets to denote elements in π n (G , we will denote
) is the subgroup of (G n−" ) n whose elements are those ( 
The condition (ii) in this proposition is equivalent to the morphism f $ satisfies the Kan condition in dimension n and so a morphism satisfying (ii) of this proposition will be called a ' Kan fibration in dimension n '.
Next we prove a technical lemma which will often be used in this paper. 
Proof. Throughout this proof we will use the characterizations given in Proposition 1n1.
(
and then the required element in the proof is zjx. The converse is clear.
It is straightforward to see that The category Simp(Gp) is a closed model category in the sense of Quillen [12] , where the fibrations are the Kan fibrations, the weak equivalences are the morphisms inducing isomorphisms for the functor πJ and the cofibrations are the morphisms with the LLP with respect to the trivial fibrations (i.e. the morphisms which are fibrations and weak equivalences). Characterizations of the fibrations and the trivial fibrations were given in [12] . The cofibrations were characterized as the retracts of the free simplicial group maps (see [12] ).
Recall from [3] [12] ). We will denote such a free map as f
Next we recall some constructions in the homotopy theory associated to this closed model structure.
For any simplicial group G 
, where σ, which is the morphism induced by the identities, is a weak equivalence (in fact, it is a strong deformation retract) and i ! ji " , which is the induced morphism by the first and last inclusions respectively, is a cofibration.
Given
is the simplicial group whose n-simplices, given by (
and the face and degeneracy operators are given by :
This simplicial group is a path space object for H $ in Simp(Gp) since one has a factorization of the diagonal morphism,
x n , is a fibration (note that both c ! and c " are strong deformation retracts with homotopical inverse ρ). These cylinder and path constructions determine adjoint functors k" I, (k) I : Simp(Gp) 4 Simp(Gp), where k" I is the left adjoint, and also determine adjoint functors (suspension and loop functors) Σ, Ω : Simp(Gp) 4 Simp(Gp) as follows.
is the simplicial group with (ΣG
, and face and degeneracy morphisms given by :
, where
Now, if one considers PH
$ the fibre of the (trivial) fibration c " :
Bn 0, and considering the fibration c ! :
as the fibre of this fibration (which is the fibre of (c ! , c " )). The long exact sequence associated to the homotopy groups gives that π n (H
x n l 0q and this construction determines a functor Ω : Simp(Gp) 4 Simp(Gp) which is right adjoint to Σ. The induced functors in the homotopy category Ho(Simp(Gp)) are the adjoint suspension and loop functors.
Recall that, using the definition of the loop complex associated to a Kan complex given in [3] , we have, for any simplicial group H $ , another simplicial group, ΩhH $ , defined as the fibre of the fibration d ! :
The following commutative diagram of fibration sequences
is a weak equivalence by using the long exact sequences in the homotopy groups associated to both fibration sequences. Thus Ω and Ωh determine the same functor Ω :
The category Simp(Gp) is a closed simplicial model category, [12] , where the function complex Hom Simp 
. This is equivalent to giving either a simplicial morphism κ
Note that giving such a morphism κ $ is equivalent to giving a system of morphisms (k n j : G n 4 H n , 1 j n) satisfying the following identities :
Note also that giving such a morphism κ $ is equivalent to giving a system of morphisms (h n j : G n 4 H n+" , 0 j n) satisfying the following homotopy identities with respect to the face and degeneracy operators :
The equivalence between the two systems of morphisms is given by the rules
It is a general fact for a closed simplicial model category (see [12] ) that, if f, g : X 4 Y are morphisms and X is cofibrant and Y is fibrant, then the simplicial, the left and the right homotopy relations coincide and are equivalence relations. This is the case in Simp(Gp) when G $ is a free simplicial group in which case, for any simplicial group H 
. Thus E r : Simp(Gp) 4 Simp(Gp) r is right adjoint to the inclusion functor I.
Note that, since NJ is left exact we have that
, and so
for q rj1.
Consequently, one also has that
The inclusion functor I : Simp(Gp) r 4 Simp(Gp) also has a left adjoint L r :
In [13] , Quillen considered, for r 0, the following closed model structure in Simp(Gp) r : The cofibrations and weak equivalences were defined to be those morphisms which are cofibrations and weak equivalences respectively in Simp(Gp) and the fibrations defined to be those morphisms with the RLP with respect to the morphisms which are both cofibrations and weak equivalences. In the following proposition we recall the characterizations of the (trivial) Since E r preserves fibrations and weak equivalences (Proposition 2n11) there is an adjoint situation at the level of the homotopy categories (see [12] )
which induces an equivalence of categories
where the member on the right denotes the full subcategory of Ho(Simp(Gp)) whose objects are those simplicial groups r-connected, i.e., with π i l 0 for i rk1.
If r denotes the category of the (rk1)-connected topological spaces, then one has :
T 1n4 ( [13] , theorems 3n1 and 6n1). There is an equivalence of the homotopy theory in r with the homotopy theory of the closed model category Simp(Gp) r−" .
Note that the category Simp(Gp) r is exactly the full subcategory of Simp(Gp) whose objects are those simplicial groups with trivial Moore complex in dimensions r. One can consider, in a complementary way, the full subcategory of Simp(Gp) whose objects are those simplicial groups with trivial Moore complex in dimensions n. This category, denoted nkHypgd(Gp) because it is the category of nhypergroupoids of groups in the sense of Duskin-Glenn [17], was exhibited as a closed model category in [1] . The fibrations and weak equivalences were defined as those morphisms which are fibrations and weak equivalences respectively in Simp(Gp), and the cofibrations were defined by the LLP with respect to the trivial fibrations. This category is a reflexive subcategory of Simp(Gp) where the reflector functor : Simp(Gp) 4 nkHypgd(Gp) is given explicitly by
where
Since preserves cofibrations and weak equivalences there is an adjoint situation at the level of the homotopy categories (see [12] )
: Ho(Simp(Gp)) i Ho(nkHypgd(Gp)) : J, which induces an equivalence of categories
where the member on the right denotes the full subcategory of the category Ho(Simp(Gp)) whose objects are those simplicial groups n-coconnected, i.e. with π i l 0 for i nj1. Thus one has an equivalence between Ho(nkHypgd(Gp)) and the homotopy category of the (nj1)-coconnected CW complexes.
Model structures for algebraic models of r-connected spaces
Given r 0, we will consider the following classes of morphisms in Simp(Gp).
is said to be an r`-fibration if it is a Kan fibration in dimensions rj1.
is said to be an r`-cofibration if it has the LLP with respect to the trivial r`-fibrations.
These classes of morphisms give a structure which will be called the r`-structure. Note that, for r l 0, these concepts give the well-known model structure in Simp(Gp), ([12] ). Also, note that any simplicial group is r`-fibrant and that one has the following sequences of inclusions :
( fibs.) 7 (1`kfibs.) 7 … 7 (r`kfibs.) 7 (rj1kfibs.) 7 … (triv. fibs.) 7 (1`ktriv. fibs.) 7 … 7 (r`ktriv. fibs.) 7 (rj1ktriv. fibs.) 7 … .
Using Lemma 1n2, one has the following characterization of the r`-fibrations. In the following lemma, whose proof is straightforward, we summarize some results about the r`-cofibrations and the weak r`-equivalences, which we will use in the proof of the main theorem of this section.
is a family of r`-cofibrations in Simp(Gp), the induced morphism on the coproducts i
? I G i $ 4 i ? I H i $ is an r`-cofibration. (ii) If f $ : G $ 4 H $ is an r`-cofibration in Simp(Gp) and G $ 4 K $ is any morphism, the induced morphism into the pushout K $ 4 H $ G$ K $ is an r`-cofibration. (iii) If G ! $ 4 G " $ 4 … 4 G n $ 4 …
is a sequence of r`-cofibrations (resp. weak r`-equivalences) of simplicial groups, the canonical morphism G ! $ 4 Colim G n $ is an r`-cofibration (resp. weak r`-equivalence).
Recall that an objet A in category C is said to be ' sequentially small ' if Hom C (A, Colim B n ) % Colim (Hom C (A, B n )) for any directed system oB n q in C. Since the simplicial groups F∆[q, k] and F∆
$
[q] are ' sequentially small ' we will use the ' small object argument ' (see [12] ) in the proof of :
T 2n6. With the definitions of r`-fibration, r`-cofibration and weak r`-equivalence, r 0, the category Simp(Gp) is a closed model category.
Proof. We will use the axioms CM1-5 as stated in [13] . Axioms CM1, CM2 and CM3 are clearly satisfied. To prove the part of CM5 giving the factorization of any morphism as an r`-cofibration followed by a trivial r`-fibration we will use the small object argument. For that we obtain a diagram
where, having obtained G n $ and taking all the commutative diagrams of the form 
Finally we prove CM4, and in fact, the only thing to prove is that there exists a lifting in any commutative diagram,
, where g is a trivial r -cofibration and f is an r-fibration.
• •
For this, we first use the small object argument to factor g Note that we have then the following sequences of inclusions :
In the following we will characterize the r`-cofibrations. 
Proof. Suppose first that f
is an r`-cofibration. Then we know that f $ is a cofibration and so it is retract of a free map. Let us suppose that f $ is a free map, i.e. H q % G q FU q for all q. To prove (ii) we will prove, by induction, that U ! l … l U r−" l 6. Let us suppose then that U ! l … l U n−" l 6, n rk1, and consider the morphism 0 4 V $ l cosk n (FU n nnnnnnnnn fffg fffg 0 nnnnnnnnn fffg fffg ( fffg fffg 0). This morphism is clearly a trivial r`-fibration (in fact it is a trivial nj1-fibration), which makes commutative the diagram
where g $ is the corresponding morphism, by the adjunction tr n Z cosk n , to the morphism tr n (G ) is an isomorphism. We will prove that there exist the dotted arrow in any diagram of the form
, and so it is enough to define h $ on UJ. We define h n : U n 4 X n , n r, recursively as follows : given y ? U r , there
there exists x ? X r such that g r (x) l β r (y), and we define h r (y) l x. Now, if we suppose that h n has been defined, we construct h n+" as follows : Given y ? U n+" , the element ( 
C 2n9. A simplicial group is r`-cofibrant if and only if it is free and r-reduced.
Next we will use the adjoint situation I Z E r to compare the homotopy theory associated to Simp(Gp) with the r`-structure and the homotopy theory of the closed model category Simp(Gp) r , [13] . and an equivalence between the homotopy theory in Simp(Gp) associated to the r`-structure and the homotopy theory in Simp(Gp) r .
Proof. (i) and (ii) are clear if one notes that
N q (E r G $ ) l N q (G $ ) for q rj1, π q (E r G $ ) l π q (G $) for q r and π r (Ker f $ ) l π r (Ker E
Remarks. 1. If G
$ is an r`-cofibrant simplicial group, the cylinder construction in Simp(Gp) (see Section 1)
gives a cylinder for the r`-structure since σ is a weak r`-equivalence, and one can prove, using Proposition 2n7,
is an r`-cofibrant simplicial group and H $ is any simplicial group, (which is r`-fibrant), then Hom Ho r`(
is the set of morphisms from G $ to H $ modulo the homotopy relation deduced from the r`-model structure. On the other hand, by using Theorem 2n12, one has that
and this last set is (see [13] proposition 3n6) the set [G 
where ρ is a weak r`-equivalence and (c ! , c " ) is an r`-fibration. 4. It is clear that, considering ΩE r+" , E r Ω : Simp(Gp) 4 Simp(Gp), there exists a natural transformation ψ : ΩE r+" E r Ω, and this one induces a natural equivalence at the level of the homotopy categories, i.e. ψ H$ is a weak equivalence. Now, since H I $ is a path space for the r`-structure, we have that Ω (or Ωh) determines the loop functor Ω r`i n the homotopy category Ho r`( Simp(Gp)), and one has that there exist natural equivalences Ω r`% ΩE r+" % E r Ω, where E r here denotes the induced functor in the homotopy category. On the other hand, since G $ " I is a cylinder object for the r`-structure, we have that Σ determines the suspension functor on Ho r`( Simp(Gp)), Σ r`, and one can prove that there exists a natural equivalence between Σ r`a nd L r Σ where L r is the left adjoint to the inclusion functor I : Simp(Gp) r 4 Simp(Gp).
5. The functor Ω : Simp(Gp) 4 Simp(Gp) carries weak r`-equivalences into weak (rk1)-equivalences, and so it induces a functor Ω : Ho r`( Simp(Gp)) 4 Ho r−" (Simp(Gp)).
On the other hand, the suspension functor Σ induces a functor Σ r−" : Ho r−" (Simp(Gp)) 4 Ho r`( Simp(Gp)) and the identity functor induces another functor Ho r−" (Simp(Gp)) 4 Ho r`( Simp(Gp)). We will denote by Σ : Ho r−" (Simp(Gp)) 4 Ho r`( Simp(Gp)) to the composition. Now we see that this functor is left adjoint to the functor Ω :
Model structures for n-types of simplicial groups
Let us consider, for any n 0, the pair Sk n+" Z Cosk n+" of adjoint functors in Simp(Gp). We then propose the following structure in this category : 
where ε and γ are surjective.
Next, we characterize the (trivial) n-fibrations. 
I
Note that one then has the following inclusions of classes of morphisms :
otriv. fibs.q 7 … 7 o(nj1)ktriv. fibs.q 9 onktriv. fibs.q 9 … … 9 onkcofibs.q 7 o(nj1)kcofibs.q 7 … ocofibs.q. 
Using the (classical) model structure in Simp(Gp) it is clear that α $ is a weak equivalence and so it is a weak n-equivalence for all n 0.
On the other hand, considering the following pushout diagram Finally, the proof of the remaining part of CM4 is carried out in the same way as this part was proved in Theorem 2n6. I
The cofibrant objects and the cofibrations in Simp(Gp) with respect to the nstructure are characterized as follows. 
Proof. Suppose that G
is also the identity since its (nj1)-truncation so is.
Conversely, we must prove that there exists lifting in any diagram of the form
, the existence of lifting in the above diagram is equivalent to the existence of lifting in Next we will use the adjoint situation Z I to compare the homotopy theory associated to Simp(Gp) with the n-structure and the homotopy theory associated to the closed model category nkHypgd(Gp) recalled in Section 1. The following result says that the class of the cofibrations for the (r, n)-structure is the intersection of the corresponding classes for the r`-structure and the n-structure. Finally, note that the cylinder and path constructions (and so the loop and suspension functors n Ω and n Σ) given in Section 3 for the n-structure also provide this kind of construction for the (r, n)-structure. Then, the left and right homotopy relation associated to this structure can also be given in terms of truncated simplicial homotopy. This paper has been financially supported by DGYCYT : PB94-0823.
